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7 .  Quantum Mechanical  Sys terns. " 
I n  t h i s  l e c t u r e  we s h a l l  d e s c r i b e  a  few a s p e c t s  of quantum 
mechanics .  Obviously  we c a n n o t  be e x h a u s t i v e  h e r e ,  b u t  we w i l l  t r y  
t o  ment ion a  number of i m p o r t a n t  f o u n d a t i o n a l  p o i n t s .  (For  f u r t h e r  
e l u c i d a t i o n ,  s e e  von Neumann [ 2 ]  , Mackey [ 1 ,  21 , Jauch [ l ]  , Varadara j an  
[ 11 , Chernoff  -Marsden [ I ] )  . 
I n  o r d e r  t o  c l a r i f y  t h ~  J i ' f e r e n c e s  between c l a s s i c a l  and 
quantum mechan ics ,  i t  i s  c o n v e n i e n t  t o  adop t  a  p r o b a b i l i s t i c  p o i n t  of 
view and t h i n k  i n  terms of s t a t i s t i c a l  mec' 5 l i c s  r a t h e r  than  p a r t i c l e  
mechanics .  We b e g i n  w i t h  some g e n e r a l  c o n s i d e r a t i o n s .  
B a s i c  P r o p e r t i e s  of P h y s i c a l  Systems.  
A p h y s i c a l  sys tem c o n s i s t s  of two c o l l e c t i o n s  of o b j e c t s ,  
denoted S and Q - -  c a l l e d  s t a t e s  and o b s e r v a b l e s  r e s p e c t i v e l y  - -  
t o g e t h e r  wi th  a  mapping 
S x Q + (Bore1 p r o b a b i l i t y  measures  on t h e  r e a l  l i n e  R )  
( $ 9  A) WAY* . 
A d d i t i o n a l l y ,  t h e r e  i s  u s u a l l y  a  Hami l ton ian  s t r u c t u r e  
d e s c r i b e d  below. 
Elements  d r  E S d e s c r i b e  t h e  s t a t e  of t h e  sys tem a t  some 
i n s t a n t  and e lements  A E @ r e p r e s e n t  "obse rvab le  q u a n t i t i e s " ;  when 
A i s  measured and t h e  system i s  i n  s t a t e  
,  PA,,^, r e p r e s e n t s  t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  observed v a l u e s  of A  . Thus i f  E  C R , 
'A ,111 (E) E R i s  t h e  p r o b a b i l i t y  t h a t  we w i l l  measure t h e  v a l u e  of A 
-L 
T h i s  l e c t u r e  was p r e p a r e d  i n  c o l l a b o r a t i o n  w i t h  P .  C h e r n o f f .  
t o  l i e  i n  t h e  s e t  E i f  t h e  system i s  known t o  be i n  s t a t e  $ . 
Normally t h e r e  i s  a l s o  some dynamics; i . e .  a  f low o r  
e v o l u t i o n  o p e r a t o r  U t  : S - + S  . 
The s e t  S i s  u s u a l l y  a  convex s e t  and U t  c o n s i s t s  of 
convex automorphisms. The s e t  P of extreme p o i n t s  - -  c a l l e d  t h e  
pure  s t a t e s ,  i s  u s u a l l y  symplec t i c  and ( f o r  c o n s e r v a t i v e  systems)  t h e  
f l o w  Ft on P i s  Hami l ton ian .  (The f lows  F t  , U t  de te rmine  one 
a n o t h e r  .) 
S t a t i s t i c a l  Mechanics.  
Consider  now the f o l l o w i n g  example: l e t  P , w be a  
symplec t i c  mani fo ld ,  say  f i n i t e  d imens iona l  and d e f i n e  t h e  s t a t e s  and 
o b s e r v a b l e s  by: 
( a )  S t a t e s ;  S c o n s i s t s  of p r o b a b i l i t y  measures  v on P . 
( b )  Observab les ;  Q c o n s i s t s  of r e a l  va lued  f u n c t i o n s  A : P + R  . 
( c )  The map S X Q + ( B o r e 1  measures on R )  i s  g iven  by 
- I  
iJ.w ,A (E) = v ( A  (E) )  , where E c R . 
The s t a t e s  a r e  measures r a t h e r  than  p o i n t s  of P t o  a l l o w  
f o r  t h e  f a c t  t h a t  we may on ly  have a  s t a t i s t i c a l  knowledge of t h e  
"exac t"  s t a t e  . 
It i s  easy  t o  s e e  t h a t  t h e  pure  s t a t e s  a r e  p o i n t  measures ,  
s o  a r e  i n  one- to-one correspondence w i t h  p o i n t s  of P i t s e l f .  Note 
t h a t  every  o b s e r v a b l e  A i s  sha rp  i n  a  pure  s t a t e ;  i . e .  t h e  cor responding  
measure on R i s  a  p o i n t  measure .  I n  o t h e r  words t h e r e  i s  no 
d i s p e r s i o n  when measur ing any o b s e r v a b l e  i n  a  p u r e  s t a t e .  
Around 1930, B . 0 .  Koopman no ted  t h a t  t h e  above p i c t u r e  c a n  
be expressed  i n  H i l b e r t  space language.  L e t  a deno te  t h e  H i l b e r t  
space of a l l  square  i n t e g r a b l e  f u n c t i o n s  tj : P -, C , with  r e s p e c t  t o  
L i o u v i l l e  measure .  Each $ E de te rmines  a  p r o b a b i l i t y  measure 
2 
v = $ 1  p, i f  I [ $ [  = 1 . I f  A  i s  a n  o b s e r v a b l e ,  i t s  expec ted  v a l u e  
i s  
where A i s  r egarded  a s  a  ( s e l f  a d j o i n t )  m u l t i p l i c a t i o n  o p e r a t o r  on 3l . 
The dynamics Ft : P + P  on phase  space P induces  i n  a  
n a t u r a l  way, and i s  induced by (under  c e r t a i n  c o n d i t i o n s )  a  dynamics on 
S and on , namely U v = F* v and Ut$ = $ O F -  . 
t - t  
Consider  t h e  map ~ ~v of H t o  S . I t  i s  many-to-one. di 
where : P + R . These phase  I n f a c t  v = V  i f  d ~ ' = e  $ $ '  
ia, t r a n s f o r m a t i o n s  ar H e  $ form t h e  p h a s e  group of c l a s s i c a l  mechanics.  
I t  i s  n o t  h a r d  t o  s e e  t h a t  a n  o p e r a t o r  A on 5$. i s  a  
m u l t i p l i c a t i o n  o p e r a t o r  i f f  i t  commutes w i t h  a l l  phase  t r a n s f o r m a t i o n s .  
C l a s s i c a l  o b s e r v a b l e s  a r e  t h o s e  A ' s  which a r e  s e l f - a d j o i n t ;  i . e .  r e a l  
v a l u e d .  
S ince  o n l y  t h e  measures have p h y s i c a l  meaning, we s e e  t h a t  
any q u a n t i t y  of p h y s i c a l  meaning must be i n v a r i a n t  under t h e  phase  group.  
I t  f o l l o w s  t h a t  t h e  i n n e r  p r o d u c t s  <I!,, cp> and t h e i r  s q u a r e s  ( < ~ ,  ro>l 2 
c a n  have  no p h y s i c a l  meaning. One s a y s  t h a t  t h e r e  i s  "no coherence ' '  i n  
ia, if3 
c l a s s i c a l  mechanics .  ( T h i s  i s  because  l<e $ ,  e  q > p > j  # I<cp, (>I i n  
g e n e r a l  .) 
We can  t h i n k  of H a s  a  s y m p l e c t i c  man i fo ld  w i t h  t h e  u s u a l  
s y m p l e c t i c  form: w = I m <  > . The dynamics induced on # i s  u n i t a r y  
and t h u s  s y m p l e c t i c ;  i . e .  i t  i s  Hami l ton ian  ( s e e  l e c t u r e  2 ) .  Thus t h e  
dynamics on 3 i s  c o n s i s t e n t  w i t h  t h e  s t a t i s t i c a l  i n t e r p r e t a t i o n .  
We c a n  r e g a r d  t h e  phase  group G a s  a  symmetry group of 8 
ia/  by $ e, e  $ . I n d e e d ,  a s  e x p l a i n e d  i n  l e c t u r e  6 we can  form t h e  reduced 
phase  space ;  we j u s t  g e t  back P and t h e  o l d  dynamics on P . We have 
t h e  f o l l o w i n g  p i c t u r e  
V 
, H i l b e r t  space  33. > S ( s t a t i s t i c a l  s t a t e s )  
I (Liouville-Koopman ' , \ \ p i c t u r e )  \ 
\ 
\ 
U 
, 
x 
r e d u c t i o n  of phase  P ( p u r e  s t a t e s )  
( s p a c e  by t h e  phase  
group 
1 
Quantum Mechanics .  
Quantum mechanics  d i f f e r s  from c l a s s i c a l  mechanics  i n  t h a t  
t h e  phase  group i s  much s m a l l e r ;  i n t e r f e r e n c e  and coherence  - -  t y p i c a l  
wave phenomena - -  now p l a y  a  fundamental  r o l e .  Fur the rmore ,  a l l  
p r e d i c t i o n s  a r e  n e c e s s a r i l y  s t a t i s t i c a l  i n  t h a t  t h e r e  a r e  no d i s p e r s i o n  
f r e e  s t a t e s  ((I E S i s  d i s p e r s i o n  f r e e  when 
 PA,,^ i s  a  p o i n t  measure 
f o r  each  A E @) . 
I n  c l a s s i c a l  mechan ics ,  each  s t a t e  v f S was a  "mix tu re t t  
of p u r e  s t a t e s .  We u s e  v because  of i g n o r a n c e  a s  t o  t h e  t r u e  s t a t e .  
I n c r e a s i n g  our  knowledge w i l l  " reduce"  v t o  a  measure w i t h  s m a l l e r  
v a r i a n c e .  
I n  quantum mechan ics ,  s t a t e s  a r e  n o t  a lways  r e d u c i b l e  i n t o  
s t a t i s t i c a l  s t a t e s  of m i x t u r e s .  T h i s  i s  c l e a r l y  i l l u s t r a t e d  by 
exper imen t s  w i t h  p o l a r i z e d  beams of  c o h e r e n t  l i g h t  ( even  w i t h  s i n g l e  
p h o t o n s ) .  I n  such a n  e x p e r i m e n t ,  s t a t e s  c a n  b e  d e s c r i b e d  by u n i t  
2 
v e c t o r s  Q E R g i v i n g  t h e  d i r e c t i o n  of p o l a r i z a t i o n .  The p r o b a b i l i t y  
t h a t  a cp wave p a s s e s  th rough  a  J f i l t e r  i s  obse rved  t o  be  /a, *>/ . 
A l i t t l e  though t  shows t h a t  no such p o l a r i z e d  s t a t e  cp c a n  be  r e a l i z e d  
a s  a  s t a t i s t i c a l  m i x t u r e  of o t h e r  p o l a r i z e d  states. ; ' :  
These s o r t s  of e x p e r i m e n t a l  f a c t s  l e a d  one t o  c o n s i d e r  t h e  
s t a t e s  a s  fo rming  a  H i l b e r t  s p a c e  ki and t h e  s t a t e s  a s  b e i n g  t h e  
u n i t  r a y s  i n  . (These  a r e  t h e  p u r e  s t a t e s ;  mixed s t a t e s  c o r r e s p o n d i n g  
t o  v ' s  above a r e  i n t r o d u c e d  below.) Thus ,  l e t t i n g  P deno te  t h e  
r a y s  i n  8 (P  i s  c a l l e d  p r o j e c t i v e  H i l b e r t  s p a c e ) ,  we have a  map 
ki -, P , a g a i n  many t o  one .  T h i s  t ime t h e  phase  group i s  t h e  c i r c l e  
* F u r t h e r m o r e ,  t h e  exper imen t  i s  n o t  r e p r o d u c i b l e  i n  t h e  s e n s e  t h a t  
no m a t t e r  how c a r e f u l l y  rp i s  p r e p a r e d ,  t h e r e  i s  u n c e r t a i n t y  i n  
t h e  outcome ( u n l e s s  t h e  p r o b a b i l i t y  i s  0 o r  1 )  . Such a n  u n c e r -  
t a i n t y  seems t o  be fundamenta l .  
t We t a k e  3i t o  be complex b u t  i t  i s  n o t  a  p r i o r i  c l e a r  why i t  s h o u l d n ' t  
be  r e a l .  There  a r e  good r e a s o n s  f o r  t h e  complex s t r u c t u r e  r e l a t e d  
t o  t h e  Hami l ton ian  s t r u c t u r e ;  ( s e e  l e c t u r e  2 and r e f e r e n c e s  i n  
J a u c h  [ I ] ) .  
io l  group {e  ; cy € R) . The r e a s o n  P i s  chosen  t h i s  way i s  t h a t  one 
imagines g e n e r a l  e l ementa ry  s e l e c t i v e  measurements wherein  
I<$, 01 , f o r  each $ , E , = I l o D l l  = 1 i s  t h e  o b j e c t  wi th  
p h y s i c a l  meaning - -  i t  r e p r e s e n t s  t h e  p r o b a b i l i t y  t h a t  we w i l l  f i n d  
cp i n  s t a t e  t o r  i f  you l i k e ,  t h e  " t r a n s i t i o n  p r o b a b i l i t y "  f o r  going 
from (9 t o  I). 
More g e n e r a l l y ,  we can  imagine a  g e n e r a l  s e l e c t i o n  measurement. 
l e t  F c H be a  ( c l o s e d )  subspace and cp E ;H . The p r o b a b i l i t y  of 
t r a n s i t i o n  from cp t o  F i s  <PFw, rp> where PF i s  the  o r thogona l  
p r o j e c t i o n  o n t o  F . 
J u s t  a s  i n  t h e  c a s e  of s t a t i s t i c a l  mechanics we obse rve  t h a t  
P i s  t h e  r e d u c t i o n  of B by t h e  phase  group ( t h i s  was no ted  i n  
l e c t u r e  6)  . 
Once the  above view i s  a c c e p t e d ,  then  a s  Mackey h a s  shown, 
t h e  r e s t  of the  p i c t u r e  of what S , @ and p have t o  be i s  p r e t t y  
A ,$ 
much f o r c e d  upon u s .  This  goes  a s  f o l l o w s .  
Consider  an o b s e r v a b l e  A . For each E c R we have PA?$@) 
measuring a p r o b a b i l i t y  of o b s e r v i n g  A t o  l i e  i n  E i f  t h e  s t a t e  i s  
$ The p r e v i o u s  d i s c u s s i o n  s u g g e s t s  t h e r e  should be a  p r o j e c t i o n  
o p e r a t o r  A on B such t h a t  P~ 
S ince  i s  a  p r o b a b i l i t y  measure we must have: 
A 
and P  - ' A i P~ i U Ei i=l 
i=l 
i f  Ei a r e  d i s j o i n t .  I t  f o l l o w s  t h a t  t h e  A PE a r e  m u t u a l l y  o r t h o g o n a l .  
i 
We a l s o  must have by ( 2 ) ,  
A A 
and P  = p A 
F F \ E * ~ E ~ F '  
Hence P+: = PEnF A =P$:; i . e .  t h e  p i  ' s  commute. 
The s p e c t r a l  theorem ( s e e ,  e . g .  Yosida  [ I ] )  now t e l l s  us  t h a t  
t h e r e  i s  a  unique s e l f  a d j o i n t  o p e r a t o r ,  a l s o  deno ted  A , such t h a t  
a A  A A = r-_ hdPk ; ( P ~ )  i s  t h e  s p e c t r a l  measure of A . Converse ly  any 
s e l f  a d j o i n t  o p e r a t o r  A y i e l d s  a  s p e c t r a l  measure and hence d e f i n e s  
FA,$ ' 
Thus,  t o  eve ry  o b s e r v a b l e  t h e r e  i s  a  s e l f  a d j o i n t  o p e r a t o r  
A , b u t  i t  i s  n o t  c l e a r  t h a t  e v e r y  s e l f  a d j o i n t  o p e r a t o r  i s  p h y s i c a l l y  
r e a l i z a b l e .  (For  example i t  i s  n o t  c l e a r  how t o  measure ( p o s i t i o n )  p l u s  
(momentum) = q  + p i n  t h e  l a b o r a t o r y . )  
O f  c o u r s e  i t  i s  w e l l  known t h a t  a  s e l f  a d j o i n t  o p e r a t o r  
( l i k e  t h e  p o s i t i o n  o p e r a t o r )  need n o t  have any s q u a r e  i n t e g r a b l e  
e i g e n f u n c t i o n s .  What i s  a s s e r t e d  t o  be of p h y s i c a l  r e l e v a n c e  i s  t h e  
p r o b a b i l i t y  measure , which i s  a lways  w e l l  d e f i n e d .  Of c o u r s e ,  
I-LA,  $ 
one must  a v o i d  t r i v i a l  "paradoxes" i n  quantum mechanics  which a r i s e  
from a n  i n a d e q u a t e  u n d e r s t a n d i n g  of t h e  s p e c t r a l  theorem,  o r  by 
a s c r i b i n g  more p h y s i c a l  meaning ( e . g .  i n d i v i d u a l  t r a j e c t o r i e s )  t o  t h e  
t h e o r y  than  t h a t  g i v e n  by t h e  b  . 
A , t 
Not ice  t h a t  t h e  expec ted  v a l u e  of A i n  a  s t a t e  III i s  
m m A 
e(A) = C, ~ . d ~ , ~ , ~ ( "  = c[-m k d a k i .  t> = a i ,  tj> . 
Thus a  s t a t e  cp y i e l d s  a  mapping F  s-t <PFrp, q> of subspaces  
i n  3 t o  [ 0 ,  11 d e s c r i b i n g  a t r a n s i t i o n  p r o b a b i l i t y .  I t  i s  a  
" p r o b a b i l i t y  measure" based on t h e  c l o s e d  s u b s p a c e s .  
We can  g e n e r a l i z e  t h e  n o t i o n  of s t a t e  s o  a s  t o  a l l o w  f o r  t h e  
p o s s i b i l i t y  of mixed s t a t e s  ( w i t h  t h e  same s t a t i s t i c a l  i n t e r p r e t a t i o n  
a s  i n  t h e  c l a s s i c a l  c a s e )  by j u s t  c o n s i d e r i n g  a  g e n e r a l  "measure" 
d e f i n e d  on t h e  c l o s e d  subspaces  of 3 . I t  i s  a famous theorem of 
Gleason ( s e e  Varadara jan  [ I ]  f o r  a  p r o o f )  t h a t  such a  s t a t e  i s  g iven  
by F @ t r a c e  ( P  D) where D i s  a  p o s i t i v e  o p e r a t o r  of t r a c e  one on 
F 
kf , c a l l e d  a  d e n s i t y  m a t r i x .  
Thus quantum mechanics i s  s p e c i f i e d  a s  f o l l o w s :  we a r e  g i v e n  
a  complex H i l b e r t  space  and s e t  
S = a l l  d e n s i t y  m a t r i c e s ,  a  convex s e t  
@ = s e l f  a d j o i n t  o p e r a t o r s  on H 
p ( E )  = t r a c e  (~3) , P: t h e  s p e c t r a l  p r o j e c t i o n s  of A . A 
~t i s  n o t  h a r d  t o  s e e  t h a t  t h e  p u r e  s t a t e s  ( ex t reme  p o i n t s  
of S )  a r e  i d e n t i f i a b l e  w i t h  u n i t  v e c t o r s  i n  Y , modulo t h e  phase  
group - -  what we p r e v i o u s l y  c a l l e d  P  . 
Thus we a g a i n  g e t  t h i s  p i c t u r e :  
( N i l b e r t  s p a c e  31,, > S ( d e n s i t y  m a t r i c e s )  
p i c t u r e )  \ \ 
', U 
\ ( r e d u c t i o n  by phase  'k 
group s') P  
P r o j e c t i v e  H i l b e r t  
Space.  (Phase  space )  
Bargmann-Wigner Theorem. 
I n  t h e  c a s e  of s t a t i s t i c a l  mechan ics  we saw t h a t  t h e  f l o w  
on P n a t u r a l l y  induced  one on . For quantum mechanics  t h i s  i s  
n o t  s o  o b v i o u s ,  and was c o n s i d e r e d  by Bargmann-Wigner ( s e e  Varadara jan  
[ I ]  f o r  p r o o f s  and d e t a i l s ) .  S i n c e  P  a r e  t h e  extreme p o i n t s  of S , 
we can  j u s t  a s  w e l l  work w i t h  S a s  P  . 
Theorem. Let U t  be a  f l o w  by convex automorphisms on S  . - Then U t  
i s  induced by a  one pa ramete r  u n i t a r y  group V t  2 , un ique  up t o  
phase  f a c t o r s .  
The r e s u l t  i s  c o n c e p t u a l l y  i m p o r t a n t  because  H i s  a  
ma themat ica l  c o n s t r u c t  f o r  a n a l y t i c a l  conven ience .  Only P shou ld  be 
d i r e c t l y  p h y s i c a l l y  r e l e v a n t .  
Note .  A convex automorphism of S c a n  be implemented by e i t h e r  a  
u n i t a r y  o r  a n t i - u n i t a r y  o p e r a t o r  (Wigner ) ,  b u t  f o r  one pa ramete r  groups  
t h e  l a t e r  c a s e  i s  exc luded .  
One can  go on t o  s e e  when a c t i o n s  of groups  l i f t  from P  
( o r  S) t o  X . Then t h e r e  i s  a  cohomology c o n d i t i o n  needed on t h e  
group ( s e e  Simms [ I ] ,  C h i c h i l n i s k y  [ I ]  f o r  more i n f o r m a t i o n ) .  
We a l s o  remark t h a t  S i s ,  i n  t h e  c l a s s i c a l  c a s e ,  a  
s implex .  T h i s  means t h a r  each s t a t e  i n  S can  be u n i q u e l y  r e p r e s e n t e d  
i n  terms of t h e  extreme p o i n t s  ( s e e  Choquet [ I ]  f o r  g e n e r a l  i n f o r m a t i o n  
on t h i s  p o i n t ) .  
M i s c e l l a n y .  
A t  t h i s  p o i n t  one might  a sk :  what do we choose  f o r  3 ? 
The answer a c t u a l l y  i s  t h a t  3 shou ld  be L2  of t h e  c o n f i g u r a t i o n  
( r a t h e r  t h a n  phase)  s p a c e .  The r e a s o n  f o r  t h i s  i s  b e s t  s e e n  through an  
a n a l y s i s  g iven  by Mackey and Wightman. The r e s u l t  i s  t h a t  i f  one makes 
e n t i r e l y  r e a s o n a b l e  h y p o t h e s e s  on what t h e  p o s i t i o n  and momentum 
o p e r a t o r s  ought  t o  b e ,  then  t h e i r  s t r u c t u r e  and t h a t  of t h e  H i l b e r t  
space  i s  de te rmined .  One f i n d s  t h a t  i f  t h e  c l a s s i c a l  phase  space  i s  
P  = T;':M , t h e n  t h e  quantum mechan ica l  H i l b e r t  space  i s  b' = L2(M, C )  
and t h e  quantum o p e r a t o r s  c o r r e s p o n d i n g  t o  a  p o s i t i o n  o b s e r v a b l e  f  
( a  f u n c t i o n  f  : M 4 R) and a  momentum o b s e r v a b l e  P(X) (P(X)mw = a(X) , 
X a  v e c t o r  f i e l d  on M - -  s e e  l e c t u r e  6) a r e :  
Qf = m u l t i p l i c a t i o n  by f  
and p  = iX a s  a  d i f f e r e n t i a l  o p e r a t o r  . X 
The a s s o c i a t i o n s  f  Qf , P(X) H PX a r e  o f t e n  c a l l e d  t h e  D i r a c  
Q u a n t i z a t i o n  R u l e s .  They p r e s e r v e  b r a c k e t  o p e r a t i o n s .  
T h i s  s u g g e s t s  t h a t  c o r r e s p o n d i n g  t o  t h e  c l a s s i c a l  system 
K f V on TM i s  t h e  quantum system w i t h  ene rgy  o p e r a t o r  - A  f V 
on X . (Some problems r e l a t e d  t o  t h i s  a r e  d i s c u s s e d  i n  t h e  n e x t  
l e c t u r e  .) 
Exac t  quantum procedures  a r e  n o t  s o  s i m p l e .  I n  f a c t  a n  o l d  
theorem of Groenwald and Van Hove a s s e r t s  t h a t  t h e r e  i s  no map p o s s i b l e  
from a l l  c l a s s i c a l  o b s e r v a b l e s  t o  quantum o b s e r v a b l e s  t h a t  p r e s e r v e s  
t h e  b r a c k e t  o p e r a t i o n s .  However much work i s  c u r r e n t l y  b e i n g  done on 
some geomet r i c  a s p e c t s  of t h i s  problem ( s e e  S o u r i a u  [ I ] ) .  
Another fundamental  q u e s t i o n  i s  t h e  r e v e r s e  problem: i n  
what s e n s e  i s  c l a s s i c a l  mechanics a  l i m i t  of quantum mechanics  ( a s  
h  , P l a n c k ' s  c o n s t a n t  4 0)  ? T h i s  h a s  been i n v e s t i g a t e d  by many p e o p l e ,  
b u t  t h e  d e e p e s t  a n a l y s i s  seems t o  be due t o  Maslov ( s e e  Arnold [ 2 ] ) .  
T h i s  p r a b l e m  i s  d i s c u s s e d  f u r t h e r  i n  t h e  Appendix.  
The C;': Algebra  Approach t o  Quantum Mechanics .  
-
There  a r e  many ways of g e n e r a l i z i n g  t h e  examples of p h y s i c a l  sys tems 
g iven  i n  t h e  f i r s t  p a r t  of t h e  l e c t u r e .  One of  t h e s e ,  t aken  by von Neumann, 
i s  t o  r e g a r d  t h e  s e t  of o b s e r v a b l e s  a s  an  a l g e b r a .  T h i s  i s  mathemati-  
c a l l y  c o n v e n i e n t  a l t h o u g h  i t  may n o t  co r respond  e x a c t l y  w i t h  p h y s i c a l  
r e a l i t y  f o r  a s  mentioned above ,  t h e  sum of two o b s e r v a b l e s  need n o t  be 
o b s e r v a b l e .  Othe r  ways of g e n e r a l i z a t i o n  a r e  t h e  "quantum l o g i c "  p o i n t  
of v iew d e s c r i b e d  i n  Varadara jan  [ I ]  and Mackey [ I ] .  
I n  t h e  c l a s s i c a l  c a s e  t h e  a l g e b r a  i s  t h e  a l g e b r a  of f u n c t i o n s  
on phase  space  - -  a  commutative a l g e b r a .  The quantum c a s e  i s  d i s t i n g u i s h e d  
by h a v i n g  a  non-commutative a l g e b r a .  Indeed any C ~ C  a l g e b r a  which 
i s  commutative must be  isomorphic  t o  a  space  of c o n t i n u o u s  f u n c t i o n s  
and s o ,  i s  i n  t h i s  s e n s e ,  c l a s s i c a l .  
S e g a l ' s f o r m u l a t i o n  of t h i s  p o i n t  o f  view proceeds  a s  f o l l o w s .  
L e t  Q be a  C+ a l g e b r a ;  i . e .  a  Banach space  which i s  a l s o  an  
a l g e b r a  and h a s  a  c o n j u g a t i o n  ( o r  a d j o i n t )  o p e r a t i o n  * s a t i s f y i n g  
c e r t a i n  s imple  axioms. For example one can  t h i n k  of a n  a l g e b r a  of 
bounded o p e r a t o r s  on a  H i l b e r t  space  (unbounded o p e r a t o r s  a r e  i n c l u d e d  
v i a  t h e i r  s p e c t r a l  p r o j e c t i o n s ) .  Simmons [ I ]  c o n t a i n s  a  v e r y  r e a d a b l e  
accoun t  of t h e  e l ementa ry  p r o p e r t i e s  of C7.e a l g e b r a s .  
Take t h e  o b s e r v a b l e s  t o  be t h e  s e l f  a d j o i n t  e l ements  of 0 . 
The s t a t e s  a r e  t h e  normal ized p o s i t i v e  l i n e a r  f u n c t i o n a l s  
on Q . ( I t  i s  e a s y  t o  s e e  t h a t  t h e y  a r e  a u t o m a t i c a l l y  c o n t i n u o u s . )  
We a r e  t o  t h i n k  of s t a t e s  i n  t h e  same way a s  b e f o r e .  If @ i s  a  
s t a t e ,  @(A) i s  t h e  e x p e c t a t i o n  of A  i n  t h e  s t a t e  @ . 
Of c e n t r a l  impor tance  i s  t h e  Gelfand-Naimark-Segal c o n s t r u c t i o n :  
L e t  P be a  C;': a l g e b r a  and @ a  s t a t e  of Q . Then t h e r e  i s  a  
H i l b e r t  space  kd , a  u n i t  ( c y c l i c )  v e c t o r  € and a  * - r e p r e s e n t a t i o n  
rr - U 3 @(U) ( t h e  bounded o p e r a t o r s  on H) such t h a t  E ' 
@(A) = <n@(A)$, I)> f o r  a l l  A E Q . 
I n  f a c t  H , III , TT a r e  unique up t o  u n i t a r y  e q u i v a l e n c e .  See Lanford 
[ l ]  f o r  d e t a i l s .  
I n  t h i s  way, we can  c o n s t r u c t  our  p r o b a b i l i t y  measure 
PA,@ ' 
Thus we have  a  g e n e r a l  example of a  p h y s i c a l  system c o n s i s t i n g  
of S , 8 and t h e  map p j u s t  c o n s t r u c t e d  which i n c l u d e s  bo th  
A,@ 
c l a s s i c a l  and quantum systems a s  s p e c i a l  c a s e s .  
There  i s  no c a n o n i c a l  H i l b e r t  s p a c e ,  b u t  one can be c o n s t r u c t e d  
f o r  each @ . We c a n  s t i l l  form P  , t h e  extreme p o i n t s  of S , b u t  
i n  g e n e r a l  P won ' t  be  a  s y m p l e c t i c  man i fo ld .  ( I t  i s  i n  t h e  examples 
p r e v i o u s l y  c o n s t r u c t e d  however .) 
The above Gelfand-Naimark-Segal c o n s t r u c t i o n  i s  s i m i l a r  t o  
G l e a s o n ' s  theorem i n  t h a t  i t  d e l i n e a t e s  s t a t e s .  I t  e s s e n t i a l l y  
e n a b l e s  one t o  r e c o v e r  t h e  H i l b e r t  space  formal ism from t h e  a b s t r a c t  
C* a l g e b r a  formal ism.  However, o f t e n  i t  i s  c o n v e n i e n t  t o  s t i c k  w i t h  
t h e  g e n e r a l  C;': a l g e b r a  p o i n t  of view. For example ,  one c a n  c h a r a c t e r i z e  
pure  s t a t e s  @ a s  t h o s e  f o r  which n@ i s  i r r e d u c i b l e .  
S e v e r a l  o t h e r  i d e a s  from t h e  H i l b e r t  space  approach c a r r y  o v e r .  
For example t h e  g e n e r a l  form of t h e  u n c e r t a i n t y  p r i n c i p l e  i s  v a l i d :  
f o r  o b s e r v a b l e s  A  , B E Q , and a  s t a t e  @ , 
o(A, @)o(B,  &) 2 k@(C) , C = i(AB - BA) 
where a(A, @) i s  t h e  v a r i a n c e  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  
P r o o f .  L e t  [ X ,  Y] = @(XY*) . T h i s  i s  an  i n n e r  p r o d u c t  on Q s o  obeys . 
t h e  Schwartz  i n e q u a l i t y .  Note t h a t  i t  i s  enough t o  prove t h e  i n e q u a l i t y  
i n  c a s e  @(A) = 0 , @(B) = 0 f o r  we c a n  r e p l a c e  A , B by A - @(A)I , 
and B  - @(B)I  . Then 
@(C) = i[@(AB) - &(BA) 1 
= 2 I m  [A, B ]  
< 2 [ A ,  AI'[B, B l i  
- 
s o  k@(C) _< o(A,  @ ) o ( ~ ,  &) , Q E D . 
A Hidden V a r i a b l e s  Theorem. 
The o r thodox  i n t e r p r e t a t i o n  of quantum mechanics  p r e s e n t e d  
above h a s  d i scomfor ted  many p h y s i c i s t s ,  n o t a b l y  i n c l u d i n g  P l a n c k ,  
E i n s t e i n ,  de B r o g l i e ,  and Schrod inger  ( s e e  f o r  example De B r o g l i e  [ I ]  
and Einste in-Podolsky-Rosen [ I ] ) .  I t  i s  h a r d  t o  e scape  t h e  f e e l i n g  
t h a t  a  s t a t i s t i c a l  t h e o r y  must b e ,  i n  some s e n s e ,  an  incomple te  
d e s c r i p t i o n  of r e a l i t y .  One might  hope t h a t  t h e  p r o b a b i l i s t i c  a s p e c t s  
of t h e  t h e o r y  a r e  r e a l l y  d u e ,  a s  i n  t h e  c a s e  of c l a s s i c a l  s t a t i s t i c a l  
mechanics ,  t o  some s o r t  of a v e r a g i n g  over  an  enormous number of "hidden 
v a r i a b l e s " ;  i n  a  p e r f e c t  d e s c r i p t i o n  of a  s t a t e ,  i n  which t h e s e  h i d d e n  
p a r a m e t e r s  would have we l l -de te rmined  v a l u e s ,  a l l  t h e  o b s e r v a b l e s  would 
be s h a r p .  However, von Neumann [ 2 ]  h a s  g i v e n  a  proof  t h a t  t h e  r e s u l t s  
of quantum mechanics  a r e  n o t  compa t ib le  w i t h  a  r e a s o n a b l y  f o r m u l a t e d  
h idden  v a r i a b l e  h y p o t h e s i s .  We s h a l l  o u t l i n e  an  argument a l o n g  von 
Neumann's l i n e s ,  b u t  i n  t h e  more g e n e r a l  s e t t i n g  of S e g a l ' s  C*-algebra 
f o r m u l a t i o n  of quantum t h e o r y .  
L e t  t h e  o b s e r v a b l e s  of a  g iven  p h y s i c a l  sys tem be r e p r e s e n t e d  
by t h e  s e l f - a d j o i n t  e l ements  of a  C* a l g e b r a  CE . I f  A E CP, i s  an 
obse rvab le  and p i s  a  s t a t e ,  t h e  d i s p e r s i o n  of A  i n  t h e  s t a t e  p 
2 2 2 i s  g iven  by o (A, p) = p ( A )  - p ( ( A  - p(A)I  ) . We s h a l l  say  t h a t  
2 i s  a  d i s p e r s i o n - f r e e  s t a t e  p rov ided  t h a t  0 (A, p) = 0 f o r  eve ry  
obse rvab le  A  € & . The r e s u l t s  of exper imen t  show t h a t  t h e  s t a t e s  of 
quantum systems p r e p a r e d  i n  t h e  l a b o r a t o r y  a r e  n o t  d i s p e r s i o n - f r e e .  
The h i d d e n - v a r i a b l e  h y p o t h e s i s  i s  t h a t  t h e  p h y s i c a l  s t a t e  p owes i t s  
d i s p e r s i o n  t o  t h e  f a c t  t h a t  i t  i s  a  s t a t i s t i c a l  ensemble of i d e a l  
d i s p e r s i o n - f r e e  s t a t e s .  (The l a t t e r  need n o t  be p h y s i c a l l y  r e a l i z a b l e  
j u s t  a s  one c a n n o t  r e a l l y  p r e p a r e  a  c l a s s i c a l  g a s  w i t h  p r e c i s e l y  
determined p o s i t i o n s  and v e l o c i t i e s  f o r  each of i t s  m o l e c u l e s . )  
M a t h e m a t i c a l l y ,  t h e  h y p o t h e s i s  s t a t e s  t h a t  e v e r y  s t a t e  p i s  of t h e  
f  orm 
where each P w  i s  a d i s p e r s i o n - f r e e  s t a t e  and p i s  a  p r o b a b i l i t y  
measure on some space  R . The c o o r d i n a t e  w E R r e p r e s e n t s ,  of 
c o u r s e ,  t h e  i n d e t e r m i n a t e  "hidden v a r i a b l e s " .  
Theorem. (See  S e g a l  [ 4 ] . )  4 C;' a l g e b r a  0 a d m i t s  h i d d e n  v a r i a b l e s  
i n  t h e  above s e n s e  o n l y  i f  Q i s  a b e l i a n .  (The c o r r e s p o n d i n g  p h y s i c a l  
system i s  t h e n  l ' c l a s s i c a l " . )  
P r o o f .  (Chernof f )  The f i r s t  s t e p  i s  t o  show t h a t  a  d i s p e r s i o n - f r e e  
s t a t e  P w  
i s  m u l t i p l i c a t i v e .  Note t h a t  t h e  b i l i n e a r  form 
<<A, B>> = pw(AB+;) i s  a  H e r m i t i a n  i n n e r  p r o d u c t  on O: . 
(<<A, b> = pw(AkJ:) i s  - > 0 by h y p o t h e s i s .  From t h i s  i t  f o l l o w s  
-- 
e a s i l y  t h a t  pw(C;':) = pw(C) f o r  any C E O . I n  p a r t i c u l a r  we have 
<a, A>> = p ((AB*)") = p (AB;':) = <<A, B>> .) Hence, by t h e  Schwarz 
IU CO 
i n e q u a l i t y ,  
f o r  a l l  A , B E O . From t h i s  we s e e  t h a t  i f  p (AA*) = 0 then 
W 
pw(AB) = 0 f o r  a l l  B . Suppose t h a t  A i s  s e l f - a d j o i n t .  Then, 
2 
s i n c e  Q i s  d i s p e r s i o n - f r e e  ((A - pN(A)I) ) = 0 . T h e r e f o r e ,  f o r  
' PU, 
e v e r y  B , pw((A - pU,(A))B) = 0 . That  i s ,  pU,(AB) = pw(A)pU,(B) . 
T h i s  h o l d s  a s  w e l l  f o r  n o n - s e l f - a d j o i n t  A by l i n e a r i t y .  I n  p a r t i c u l a r ,  
i f  & i s  d i s p e r s i o n - f r e e  i t  f o l l o w s  t h a t  pw(AB) = gw(BA) . 
But i f  G admi t s  h idden  v a r i a b l e s ,  i t  f o l l o w s  immediate ly  
from (1)  t h a t  every  s t a t e  p s a t i s f i e s  p(AB) = p(BA) . Since  t h e r e  
a r e  enough s t a t e s  t o  d i s t i n g u i s h  t h e  members of Q , ( e . g .  s t a t e s  of 
t h e  form A <A$, JI>) i t  f o l l o w s  t h a t  AB = BA . Thus U i s  a b e l i a n .  
Remark. Converse ly ,  a  well-known theorem of Gelfand and Naimark s t a t e s  
t h a t  every  a b e l i a n  C* a l g e b r a  i s  i somorphic  t o  C(X) , t h e  s e t  of 
c o n t i n u o u s  f u n c t i o n s  on  some compact s e t  X . (Many a c c o u n t s  of t h i s  
r e s u l t  a r e  a v a i l a b l e ;  a v e r y  r e a d a b l e  one i s  i n  Simmons [ l ] . )  The 
s t a t e s  of (P, a r e  s imply t h e  p r o b a b i l i t y  measures on X  , which a r e  
convex s u p e r p o s i t i o n s  of t h e  6-measures a t  t h e  p o i n t s  of X  ; t h e  
l a t t e r  a r e ,  of c o u r s e ,  p r e c i s e l y  t h e  d i s p e r s i o n - f r e e  s t a t e s .  
We can  a l s o  d i s p o s e  of a  l e s s  s t r i n g e n t  n o t i o n  of  h idden  
v a r i a b l e s .  According t o  Jauch [ l l ]  , Mackey h a s  proposed t h e  
, o n s i d e r a t i o n  of " E - d i s p e r s i o n - f r e e "  s t a t e s .  A s t a t e  p i s  c a l l e d  
c - d i s p e r s i o n - f r e e  i f  f o r  e v e r y  p r o j e c t i o n  E  E 8, we have pL(E ,  p )  < s . 
A system i s  s a i d  t o  admit  "quasi -hidden v a r i a b l e s "  i f  f o r  a l l  E > 0 , 
every s t a t e  can  be r e p r e s e n t e d  a s  f p w + ( m )  where a l l  t h e  s t a t e s  
a r e  e - d i s p e r s i o n - f r e e .  ( I n  f a c t  one c a n  s a y  " i f  f o r  some s > 
pu 
0 s u f f i c i e n t l y  smal l"  b u t  t h i s  l e a d s  t o  a  h a r d e r  theorem) .  I f  8, admi t s  
quas i -h idden  v a r i a b l e s  and p i s  a  p u r e  s t a t e  of Q , t h e n  i t  i s  
easy t o  s e e  t h a t  p i s  e - d i s p e r s i o n  f r e e  f o r  e v e r y  s . Then by t h e  
argument above p must be m u l t i p l i c a t i v e  on t h e  a l g e b r a  g e n e r a t e d  
by t h e  p r o j e c t i o n s  i n  Q . T h i s  w i l l  be a l l  of Q i n  many i n t e r e s t i n g  
c a s e s  - -  i n  p a r t i c u l a r ,  i f  Q i s  a  von Neumann a l g e b r a  ( i . e .  c l o s e d  
i n  t h e  s t r o n g  o p e r a t i o n  t o p o l o g y ) .  But t h e n ,  because  t h e  pure  s t a t e s  
separace  e lements  of 0 , i t  f o l l o w s  a s  b e f o r e  t h a t  8, i s  a b e l i a n .  
(We must h a s t e n  t o  add t h a t  Jauch and Mackey were c o n s i d e r i n g  t h e s e  
q u e s t i o n s  i n  t h e  c o n t e x t  of l a t t i c e s  of " q u e s t i o n s "  which a r e  more 
g e n e r a l  t h a n  t h e  p r o j e c t i o n  l a t t i c e s  which we have d i s c u s s e d ;  s o  from 
t h e  f o u n d a t i o n a l  p o i n t  of view t h e  n o t i o n  of quas i -h idden  v a r i a b l e s  
h a s  r a i s e d  problems which our  s imple  argument c a n n o t  h a n d l e . )  
The e s s e n t i a l  p o i n t  of t h e  argument g i v e n  above was t h e  non- 
e x i s t e n c e  i n  g e n e r a l  of a  l a r g e  supp ly  of l i n e a r  f u n c t i o n a l ~  on C l  
which c a r r y  s q u a r e s  t o  s q u a r e s .  A much deeper  a n a l y s i s  h a s  been 
c a r r i e d  o u t  by Kochen and Specker  [ l l ] ,  c f .  a l s o  B e l l  [ I ] .  They have 
f a c e d  s q u a r e l y  t h e  f a c t ,  which we have ment ioned ,  t h a t  i t  i s  r e a l l y  n o t  
p h y s i c a l l y  r e a s o n a b l e  f o r  t h e  sum of non-commuting o b s e r v a b l e s  always 
t o  be an o b s e r v a b l e .  D r a s t i c a l l y  r e d u c i n g  t h e  a l g e b r a i c  o p e r a t i o n s  
which they a l l o w ,  they  n e v e r t h e l e s s  r e a c h  t h e  same r e s u l t s ;  t h e i r  
f u n c t i o n a l s  a r e  r e q u i r e d  t o  be l i n e a r  o n l y  on commuting o b s e r v a b l e s .  
We s h a l l  n o t  go i n t o  t h e  d e t a i l s  of t h e i r  arguments ,  f o r  which we 
r e f e r  t h e  r e a d e r  t o  t h e i r  p a p e r ,  which a l s o  i n c l u d e s  an i n t e r e s t i n g  
d i s c u s s i o n  of t h e  e n t i r e  problem of h idden  v a r i a b l e s  and v a r i o u s  a t t e m p t s  
t o  i n t r o d u c e  them. Some r e c e n t  work on t h i s  s u b j e c t  c e n t e r i n g  around 
B e l l s '  i n e q u a l i t y  h a s  been done. The r e s u l t s  a g a i n  a r e  a g a i n s t  h idden  
v a r i a b l e s  t h e o r i e s .  See C l a u s e r  e t  a 1  [ I ]  and Freedman-Clauser [ I ] .  
The Measurement P r o c e s s .  
L e t  us  now d i s c u s s  t h e  p r o c e s s  of measurement i n  some d e t a i l ,  
f o l l o w i n g  von Neumann [ I ] .  (A c l e a r  summary of von Neumann's i d e a s  
may be found i n  t h e  book of Nelson [ 2 ] ;  s e e  a l s o  Jauch [ I ]  and de 
B r o g l i e  [ I ]  .) 
Various  s o l u t i o n s  of t h e  problems of measurement have been 
proposed;  c f .  Bohm and Bslb [ I ] .  However i t  i s  n o t  y e t  c l e a r  t h a t  t h e  
problems have been s o l v e d .  The measurement of an o b s e r v a b l e  i n v o l v e s  
t h e  i n t e r a c t i o n  of a  " p h y s i c a l  system" wi th  an "observ ing  a p p a r a t u s " ,  
s o  we should f i r s t  d e s c r i b e  t h e  mathemat ica l  t r e a t m e n t  of such 
composi te  systems.  
I f  t h e  pure  s t a t e s  of a  system S  cor respond  t o  t h e  u n i t  
r a y s  of 'H , and t h o s e  of a  second system S '  cor respond  t o  t h e  r a y s  
of H 1  , then  t h e  pure  s t a t e s  of t h e  compound system c o n s i s t i n g  of S  
and S '  co r respond  t o  the  u n i t  r a y s  of t h e  t e n s o r  product* 51 8 N' . 
3: The t e n s o r  p roduc t  k! 8 k!' i s  t h e  d i r e c t  p r o d u c t  i n  t h e  c a t e g o r y  of 
H i l b e r t  s p a c e s ,  j u s t  a s  t h e  c a r t e s i a n  p r o d u c t  i s  i n  t h e  c a t e g o r y  of 
mani fo lds  ( i f  P and P '  a r e  phase  s p a c e s  f o r  i s o l a t e d  systems PxP' 
i s  t h e  phase  space  f o r  t h e  i n t e r a c t i n g  sys tem) .  A pure  s t a t e  i n  a  
composi te  quantum system i s  much more compl ica ted  than  a n  o rdered  p a i r  
of pure  s t a t e s  of t h e  s u b s y s t e n s ,  T h i s  f a c t  seems r e l a t e d  t o  many, 
i f  n o t  a l l ,  of  t h e  s o - c a l l e d  "paradoxes" of quantum t h e o r y .  
The t e n s o r  p r o d u c t  of H i l b e r t  spaces  and 3' i s  by d e f i n i t i o n  
t h e  comple t ion  of t h e i r  a l g e b r a i c  t e n s o r  p roduc t  w i t h  r e s p e c t  t o  t h e  
f o l l o w i n g  i n n e r  p roduc t :  
2 3 2 3 2 6 For example,  L ( R  ) 69 L ( R  ) = L ( R  ) . I f  [ e i )  and ( f j )  a r e  
m 
orthonormal  b a s e s  of B and N' r e s p e c t i v e l y ,  t h e n  (e i  B f j ) i , j = l  
i s  an or thonormal  b a s i s  of H 8 Y.' . An o b s e r v a b l e  A of S 
cor responds  t o  t h e  o p e r a t o r  A  @ I on H @ 8'  ; s i m i l a r l y  t h e  
obse rvab le  B of S '  cor responds  t o  1 8  B . I t  c a n  be shown t h a t  
every  o b s e r v a b l e  of t h e  composi te  system i s  a  f u n c t i o n  of o b s e r v a b l e s  
of t h e  above s o r t ,  i n  t h e  sense  t h a t  e v e r y  bounded o p e r a t o r  on @ 3$' 
i s  a  l i m i t  of o p e r a t o r s  of t h e  form z (A.  3 I ) *  ( I  @ Bi) . A s t a t e  p 
1 
of the  compound system de te rmines  a  s t a t e  of S by t h e  r e l a t i o n  
I t  i s  impor tan t  t o  n o t e  t h a t  p S  w i l l  i n  g e n e r a l  be a  mix tu re  even i f  
p i s  p u r e .  Thus,  i f  p i s  g iven  by t h e  v e c t o r  C w l  @ yi , w i t h  
(vi} , [ T I )  o r thogona l  systems i n  H and H '  , we have 
so t h a t  p ,  i s  g iven  by t h e  d e n s i t y  m a t r i x  i llp1112~ . 
T i  
Now l e t  S be a  p h y s i c a l  sys tem which we wish t o  s t u d y .  
Suppose t h a t  we wish t o  measure a n  o b s e r v a b l e  A of S . For 
s i m p l i c i t y  l e t  u s  assume t h a t  A h a s  a  p u r e  p o i n t  spectrum,  w i t h  
e igenvec  t o r s  cq , , . To measure A i t  i s  n e c e s s a r y  t o  a l l o w  
t h e  system S  t o  i n t e r a c t  wi th  a n  a p p a r a t u s  S '  , A s u i t a b l e  
a p p a r a t u s  f o r  measur ing A w i l l  have t h e  p r o p e r t y  t h a t ,  i f  t h e  s y s t e m  
S i s  i n i t i a l l y  i n  t h e  s t a t e  y , a f t e r  t h e  i n t e r a c t i o n  t h e  compos i t e  i 
system of S  and S '  w i l l  be i n  t h e  s t a t e  cpi 8 B i  , where {Bi] i s  
a  sequence of or thonormal  v e c t o r s  i n  3' . The i n t e r a c t i o n ,  of  c o u r s e ,  
i s  governed by the  Schrod inger  e q u a t i o n  f o r  the  composi te  system. 
m 
Hence, i f  t h e  i n i t i a l  s t a t e  of  S  i s  g i v e n  by $ = C c cp , t h e  f i n a l  
m 1 i i 
s t a t e  of S  + S '  w i l l  be 0  = c . ~ .  @ B by l i n e a r i t y .  Now i f  B 
, 1 ' 1  i 
i s  an o b s e r v a b l e  of S '  , then  a f t e r  t h e  i n t e r a c t i o n  the  expec ted  
v a l u e  of B w i l l  be 
s o  t h a t ,  a l though  S + S '  i s  i n  t h e  pure  s t a t e  8  , S '  i s  i n  t h e  
Z 
mixed s t a t e  L / c i /  Pa . S i m i l a r l y ,  S  i s  i n  t h e  mixed s t a t e  
i=l " i 
Now t h e  a p p a r a t u s  i s  supposed t o  be of a  macroscopic  n a t u r e ,  
i t s  o r t h o g o n a l  s t a t e s  Q i  r e p r e s e n t ,  s a y ,  d i f f e r e n t  c o u n t e r  r e a d i n g s .  
A f t e r  t h e  i n t e r a c t i o n  the  o b s e r v e r  " looks"  a t  t h e  a p p a r a t u s .  Through 
h i s  f a c u l t y  of i n t r o s p e c t i o n  h e  r e a l i z e s  t h a t  t h e  a p p a r a t u s  i s  i n  a  
2 
d e f i n i t e  s t a t e ,  say  a ( T h i s  o c c u r s  wi th  p r o b a b i l i t y  lcjl .) j 
Once t h i s  a c t  of c o n s c i o u s n e s s  h a s  t aken  p l a c e  i t  i s  no longer  t r u e  
03 
t h a t  t h e  s t a t e  of S  + S f  i s  c iy i  x Fi  ; i t  must be y j  x @ 
i = l  j  ' 
one t h e n  s a y s  t h a t  t h e  sys tem h a s  been found t o  be i n  t h e  s t a t e  
r o j  . 
This  i s  t h e  famous ( o r  n o t o r i o u s )  " r e d u c t i o n  of t h e  wave p a c k e t r 1 . *  
We now v e n t u r e  t o  make some p h i l o s o p h i c a l  remarks .  I t  i s  
impor tan t  t o  r e a l i z e  t h a t  an  ana logous  " r e d u c t i o n "  t a k e s  p l a c e  i n  a 
c l a s s i c a l  s t a t i s t i c a l  mechan ica l  sys tem when new i n f o r m a t i o n  i s  ga ined .  
Th i s  i s  never  r ega rded  a s  a  d i f f i c u l t y ,  because  t h e  c l a s s i c a l  p r o b a b i l i t y  
packe t  i s  a lways  viewed a s  a  mere r e f l e c t i o n  of t h e  o b s e r v e r ' s  
ignorance  of t h e  o b j e c t i v e  u n d e r l y i n g  s t a t e  of t h e  sys tem.  T h i s  i s  a  
p e r f e c t l y  c o n s i s t e n t  i n t e r p r e t a t i o n .  Why c a n  n o t  t h e  same i n t e r p r e t a -  
t i o n  s e r v e  i n  t h e  quantum mechan ica l  c a s e ?  
As long  a s  we a r e  concerned o n l y  w i t h  a  s i n g l e  o b s e r v a b l e  
( o r  wi th  a commuting f a m i l y  o f  o b s e r v a b l e s )  i t  i s  p e r f e c t l y  p o s s i b l e  
t o  view t h e  quantum system c l a s s i c a l l y .  Tha t  i s ,  one can  i n t e r p r e t  
t h e  r e d u c t i o n  from t h e  m i x t u r e  t o  t h e  s t a t e  
y j  a s  a  r e d u c t i o n  of 
c l a s s i c a l  t y p e .  But  t h e  e x i s t e n c e  of i n c o m p a t i b l e  o b s e r v a b l e s  i n  
quantum mechanics  f o r c e s  t h i s  i n t e r p r e t a t i o n  t o  b r e a k  down. I n d e e d ,  
t h e  e n t i r e  p o i n t  of t h e  n e g a t i v e  r e s u l t s  c o n c e r n i n g  "hidden v a r i a b l e s "  
* Of c o u r s e ,  " look ing  a t  t h e  a p p a r a t u s "  i n v o l v e s  i n t e r a c t i o n  w i t h  
some f u r t h e r  a p p a r a t u s  u l t i m a t e l y  w i t h  t h e  c o n s c i o u s n e s s  of t h e  
o b s e r v e r .  But one c a n  lump a l l  t h a t  i n t o  S and t h e  o b s e r v e r s  mind 
i n t o  S 1  . N e v e r t h e l e s s ,  a p p a r e n t l y  one c a n n o t  f i n d  a  ma themat ica l  
d e v i c e  t o  y i e l d  t h e  r e d u c t i o n  of p u r e  s t a t e s .  T h i s  i s  t h e  
fundamental  problem i n  i n t e r p r e t i n g  t h e  f o u n d a t i o n s  of quantum 
mechanics .  
i s  t h a t  t h e r e  i s  no " o b j e c t i v e  u n d e r l y i n g  s t a t e "  of t h e  system! 
Perhaps  t h e  quantum p r o b a b i l i t y  d i s t r i b u t i o n s  can  be 
i n t e r p r e t e d  a s  r e f l e c t i n g  our  p a r t i a l  knowledge, a s  long a s  we do n o t  
i n s i s t  t h a t  t h e r e  be an o b j e c t i v e  e n t i t y  of which we have p a r t i a l  
knowledge. T h i s  seems r e m i n i s c e n t  of t h e  problem of t h e  golden 
mountain i n  t h e  s e n t e n c e  "The golden mountain does  n o t  e x i s t " .  I f  
one a s k s  "what does  n o t  e x i s t ? "  and answers  " the  golden mountain",  
one i s  implying t h a t  t h e  golden mountain i s  i n  f a c t  an e n t i t y  wi th  
some s o r t  of "ex i s tence" .  Some p h i l o s o p h e r s  t r i e d  t o  r e s c u e  t h e  
s i t u a t i o n  by s t a t i n g  t h a t  t h e  golden mountain  " s u b s i s t s "  -- t h a t  i s ,  
h a s  enough of a  shadowy s o r t  of  e x i s t e n c e  t o  s e r v e  a s  t h e  s u b j e c t  of 
a  s e n t e n c e .  Now Ber t rand  R u s s e l l  h a s  observed t h a t  t h e  r e a l  s o l u t i o n  
of t h e  problem i s  t o  recogn ize  t h a t  t h e  o r i g i n a l  s e n t e n c e  i s  i m p l i c i t l y  
q u a n t i f i e d ,  and a c t u a l l y  should be regarded  a s  s a y i n g  "for  e v e r y  x 
i t  i s  f a l s e  t h a t  x  i s  bo th  golden and mountainous".  I n  t h e  absence 
of new p h y s i c a l  d i s c o v e r i e s ,  i t  seems n o t  i m p o s s i b l e  t h a t  t h e  same 
s o r t  of p u r e l y  grammatical  t r i c k  may be t h e  u l t i m a t e  s o l u t i o n  of t h e  
quantum measurement problem. 
